The focus of this paper is to report on the design and construction of a multiply connected phantom for use in magnetic resonance elastography (MRE)-an imaging technique that allows for the noninvasive visualization of the displacement field throughout an object from externally driven harmonic motion-as well as its inverse modeling with a closed-form analytic solution which is derived herein from first principles. Methods: Mathematically, the phantom is described as two infinite concentric circular cylinders with unequal complex shear moduli, harmonically vibrated at the exterior surface in a direction along their common axis. Each concentric cylinder is made of a hydrocolloid with its own specific solute concentration. They are assembled in a multistep process for which custom scaffolding was designed and built. A customized spin-echo-based MR elastography sequence with a sinusoidal motion-sensitizing gradient was used for data acquisition on a 9.4 T Agilent small-animal MR scanner. Complex moduli obtained from the inverse model are used to solve the forward problem with a finite-element method. Results: Both complex shear moduli show a significant frequency dependence (p < 0.001) in keeping with previous work. Conclusion: The novel multiply connected phantom and mathematical model are validated as a viable tool for MRE studies. Significance: On a small enough scale much of physiology can be mathematically modeled with basic geometric shapes, e.g., a cylinder representing a blood vessel. This study demonstrates the possibility of elegant mathematical analysis of phantoms specifically designed and carefully constructed for biomedical MRE studies.
e.g., the maturity of a blood clot in deep vein thrombosis [1] . This phenomenon makes the ancient art of palpation, the manual pressured probing of a patient's body, an invaluable method to detect maladies. Though inexpensive and universally applicable, noninvasive palpation is limited to the periphery of a patient's body. A small tumor deeply embedded in tissue could be missed, and allowed to grow, reducing a patient's chance of survival. Moreover, a doctor's tactile sensitivity to variations in tissue stiffness is, by nature, a subjective trait, prone to error in disease detection and characterization. The broad engineering challenge is centered around the noninvasive, high resolution, characterization of soft tissues through their mechanical behavior. Linear elastic theory defines a mechanical system through a plethora of parameters though an imaging modality need not consider them all to be clinically relevant. The complex shear modulus, in particular, has received scrutiny in the literature of late as a biomarker for pathologies in magnetic resonance (MR) elastography [2] - [5] . In an MR elastography, an object is perturbed with harmonic oscillations from a mechanical actuator. The displacement throughout the material, i.e., the wave field, is encoded in the phase of the MR signal by synchronizing the oscillation of the field from the gradient coils of the MRI scanner with the oscillatory frequency of the actuator. The shear modulus can be estimated from these wave data with various inverse modeling techniques [6] . Medical imaging requires phantom studies for validation. Hydrocolloid suspensions are affordable and easily made [7] making them ideal for use as tissue-mimicking phantoms in elastographic studies.
A. Homogeneous Material
To validate a novel technique or model in elastographic imaging, it is sometimes necessary that the samples being studied be homogeneous to eliminate artifacts from, e.g., scattering. Perriñez et al. used a bean curd (tofu) to mimic soft poroelastic tissue in MR elastography [8] , estimating shear modulus from simulated data with a finite-element-based nonlinear inversion scheme. Othman et al. used agarose gel phantoms to extend MR elastography to the micro scale [9] , [10] . Homogeneous gelatin phantoms have also been used in ultrasound elastography. Amador et al. validated their shear wave dispersion ultrasound vibrometry technique with a hydrocolloid mixture of gelatin, glycerol and cellulose by comparing the results to those of indentation tests [11] , while Zhang et al. validated their surface wave method in a similar study [12] . Riek et al.
presented results on wide-range (200-800 Hz) magnetic resonance elasography (MRE) in agarose gels and human tissues using a frequency-dependent fractional order element-the socalled springpot-in their model [13] .
B. Heterogeneities and Connectedness
Some researchers deliberately introduce heterogeneities in their phantoms to more closely mimic a biologic system. Petrov et al. investigated complex heterogenous geometries (using tofu and gelatin phantoms) in low-range (<125 Hz) multifrequency MRE and a nonlinear inversion optimization method [14] , not unlike Perriñez et al. They used a Rayleigh damping material model to estimate complex viscoelastic parameters. Henni et al. did ultrasound elastography on a cuboidal gelatin phantom that had a soft cylindrical region running through it to validate their elegant analytic model of scattering and diffraction of a plane shear wave by an infinite cylinder [15] . Schmitt et al. used Henni's model to solve the inverse problem of characterizing vascular behavior with ultrasound elastography [16] , [17] . Doyley et al. constructed elastically heterogeneous phantoms by embedding hydrogel spheres in a hydrogel medium of a different stiffness from the spheres to show that more sophisticated mathematical assumptions, i.e., nonlinearity, anisotropy, and viscoelasticity should be made when reconstructing elastograms from MR elastography data [18] . Qin et al. immersed spandex fibers in a polyvinyl alcohol hydrogel to test a combined MR elastography and diffusion tensor imaging technique [19] . Yin et al. designed a ball-in-tube phantom to demonstrate their novel technique for simultaneous acquisition of diffusion and MR elastography data [20] . As the geometry of the phantoms increases in complexity, e.g., being multiply connected as opposed to simply connected or mixing geometry, so do the analytic solutions describing their dynamic mechanical behavior. Certainly a phantom that accurately models the geometry of a brain would necessitate a technique like local frequency estimation [21] to infer its mechanical properties. But, there are many geometric configurations with clinical or academic relevance that are amenable to analytic solutions. Khan et al. modeled a corneal phantom as a thin viscoelastic plate [22] . They obtained an elastogram by fitting their closed form analytic solution to displacement data. Yasar et al. pioneered the technique of geometrically focusing the incident shear wave [23] , and used the solution to a longitudinally vibrating, homogeneous, infinite circular cylinder to obtain shear stiffnesses of cylindrical phantoms over a wide range of frequencies [24] , while Liu et al. investigated an even wider frequency range [25] . Okamoto et al. conducted a similar study but varied their phantoms' composition [26] . Also, they had a different mathematic solution because their actuation came from within their phantom, whereas Yasar et al. perturbed their phantom's outer surface.
C. Objective
Of all the works mentioned, Okamoto et al. is the only MR elastography study to obtain estimates of the complex shear modulus of a multiply connected body by inverse modeling with a closed form analytic solution. To our knowledge, there has been no such modeling of a multiply connected heterogeneous body in MR elastography and this is what we present now. We derive, from first principles, the solution to a concentric cylindrical body undergoing harmonic oscillations. We then describe the phantom construction, experimental procedure, parameter estimation, and the forward problem. To validate our model, we use the shear moduli estimates as inputs to solve the forward problem with a finite-element model (FEM) and compare that with experimental results. Finally we consider the immediate consequences of this work as well its implications for future research.
II. THEORY

A. Problem Formulation
Let there be given an infinitely long, rigid, circular cylindrical tube of inner radius, b, filled with an elastic solid, medium 1. Concentrically embedded therein is a circular cylindrical elastic solid, medium 2, with mechanical properties different from medium 1. This system is described by cylindrical coordinates (ρ, φ, z) [27] , and shown in Fig. 1 . The rigid tube harmonically oscillates along the z-axis and we assume medium 1 is in welded contact with both medium 2 and the oscillating wall. The displacement, U , of both media satisfy the vector Helmholtz equation [28] ,
where
and
Here α i and β i are the longitudinal and transverse wave speeds, respectively, the constants, λ i and μ i , are the Lame constants, and γ i is the density of the material. We hold that λ i = (2μ i ν) / (1 − 2ν), where Poisson's ratio is ν = 0.4999998 for both media. We choose that value for ν to satisfy the assumption that, like biological soft tissue or water-based tissue-like materials, the two media finite bulk moduli are about six orders of magnitude larger than their shear moduli. Finite-element simulations can be sensitive to small changes in ν as it approaches 0.5 (incompressibility). Here the index i is 1 or 2 to denote the medium, i.e.,
We suppress the harmonic time dependence, e −iω t , throughout this study. The boundary condition at the outer surface of medium 1 is equality of tangential displacement of the wall and elastic medium,
where G is the amplitude of the forced oscillations. At the interface between media 1 and 2, the boundary conditions are equality of the tangential displacement and stress,
The solution of (1) can be given as the sum of the longitudinal, L, and transverse, M and N , vector wave functions which are given as
where Φ, Ψ, and X each solves the scalar Helmholtz equation,
and the vector,ê, depends on the coordinate system [28] . The components of displacement are: the displacement in medium 1 is the sum of the incident and scattered wave fields, U
and U (s) , respectively, while the displacement in medium 2 is from the refracted wave field only, U (r ) . We can write, then, the displacement as a piecewise continuous function throughout the entire domain, i.e.,
Due to the axial and longitudinal symmetry of our system, we are concerned with only the vertically-polarized transverse waves, i.e., L = M = 0 for all wave fields. The wave fields are, then, simply given as 
We can calculate the relevant components of the stress tensor, σ ρz , directly from the displacement, given here as
B. Solutions
The potential functions are given by
where the wave number
and A, B, and C are the unknown coefficients determined by satisfying the boundary conditions. Here J 0 and H 0 are the 0th-order cyllindrical Bessel and Hankel functions [30] , respectively.
C. Boundary Conditions
Considering (12), (10), (9), and (8), the boundary conditions, (4) and (5a), become three equations through three unknowns, given in matrix form as ⎡ ⎢ ⎣ ε 11 ε 12 ε 13
The elements of (14), ε mn , are given in Appendix A. Solving for A, B, and C, completely determines all wave fields, concluding the mathematical analysis. Expressions for A, B, and C are given in Appendix B. When a goes to zero, we get the limiting case of no heterogeniety which is the same as when q 1 = q 2 .
III. METHOD
A. Phantom Construction 1) Matrix Preparation:
The matrices of the inner and outer cylinders are hydrocolloids made from a mixture of agarose (SeaKem LE Agarose, Lonza, Rockland, ME) and food grade gelatin (Knox Original Unflavored Gelatine, Kraft Foods Group Inc., Northfield, IL, USA) in water. The concentrations of the separate media are summarized in Table I . Each hydrocolloid was prepared by first sprinkling granulated gelatin into room temperature DI water which was then heated while stirred constantly. Once all the gelatin dissolved, agarose was then added. Heating and stirring continued until clarification, at 90
• C. The molten gel was allowed to cool to about 40
• C before being poured into the molding hydrocolloid.
2) Molding: To ensure concentricity between the two hydrocolloid solids, we designed and had custom-build a mold, depicted in Fig. 2 , left and right, respectively, as a cut-away view and as it exists in the laboratory. On the bottom is a stage made of poly(methyl methacrylate) (PMMA) (Plexiglas, Rohn and Haas Company, Philadelphia, PA, USA) with a raised annular dais, in the center of which a removable PMMA rod tightly fits. Encircling the dais is the cylindrical container made of an acetyl resin (Delrin, DSM Engineering Plastic Products, Inc., Reading, PA, USA).
3) Phantom Assembly: The final assembly of the phantom is basically a two-step process:
Step 1-the outer cylinder (medium 1), Step 2-the inner cylinder (medium 2). For medium 1, the delrin container is mounted on the dais and the acrylic rod is inserted in the depression. We then pour the 40
• C molten medium 1 into the space between the delryn and PMMA, paying particular attention for any bubbles that might form. It is important that there be no bubbles-or any heterogeneity-within each medium as they would cause scattering and diffraction of the mechanical waves for which we do not account in our mathematical model. Air, especially, would be disruptive to the waves because fluids do not support shear waves, guaranteeing a mode conversion. Once the mold is filled, it is set aside and allowed to cool. We found that no sealant is necessary between the cylindrical container and dais. It is at this point when we prepare the hydrocolloid for medium 2, Section III-A1. Medium 1 will stick to the acetyl resin but not the PMMA; so, once it has solidified, we vertically pull the cylindrical container off the dais, sliding the medium 1 off the rod. Now begins step 2. First, we remove the rod from the dais. To ensure that the media are flush with each other, we stretch a piece of plastic paraffin film (Parafilm"M", Bemis Flexible Packaging, Neenah, WI, USA) over the dais to cover the depression before replacing the cylindrical container and medium 1 on the dais. Once affixed, we poured the molten medium 2 into the vacancy left by the rod. We then allow the entire body to cool to room temperature before removing it from the dais for scanning. 
B. Experimental Setup
MR elastography experiments were performed at 9.4 T using a horizontal bore Agilent small-animal MR scanner (310/ASR, Agilent Technologies, Santa Clara, CA, USA) [20] . A 39-mm diameter quadrature RF coil was used inside a 60-mm diameter gradient coil with a maximum gradient of 1000 G/m. The gel-filled container was placed horizontally inside the center of the RF coil. The container was attached to a preloaded piezoactuator (p-840.1, PhysikInstrumente (PI) GmbH & Co. KG, Germany), which generates the transverse vibration motion (see Fig. 3 ). All phantoms were scanned at the excitation frequencies of 250, 500, 750, and 1000 Hz. This experimental setup establishes concentric wave patterns within the gel.
C. Data Acquisition
A customized spin-echo based MR elastography sequence with a sinusoidal motion-sensitizing gradient (MSG) was used for data acquisition, obtaining one axial slice and one coronal slice. The acquisition parameters, summarized in II, were as follows: repetition time (TR) = 1 s, echo time (TE) = 28 ms, field of view (FOV) = 4 cm × 4 cm, matrix size = 128 × 128, slice thickness = 1 mm, MSG = 30 G/cm.
The number of MSG cycles varied with the actuation frequency from 2 to 6 to accommodate constant TR/TE imaging parameters. In all scans, the MSG was applied along the principle direction of vibration in our experimental setup. Phase difference images were made from two acquisitions by inverting the polarity of the MSG. Eight time steps were acquired per actuation cycle.
D. Estimation of Shear Moduli, μ i
To estimate the complex moduli of the two media, we fit the analytic solution for displacement in (8) , u(ρ), to the displacement data. We wrote a fitting algorithm in MATLAB Briefly, the data to which we fit the model is a linear profile taken from the experimental complex wave images, u n , which includes and is normal to the z-axis and whose length is the diameter of the cylinder. We add some parameters to the model to take into account phase, θ, bias from compression wave, η, magnitude scale, s, and off-centering, δ. We express this as
whereû
and the set of parameters is Ψ = {μ 1 , μ 2 , θ, η, s, δ}. The chief difference in DeVIANT for this study is that we are finding the complex shear moduli of two different regions with a piecewisecontinuous function, (8) .
E. Forward Problem
Our analytic model assumes that the cylinders are infinitely long; i.e., we neglect edge effects from the top and bottom of the phantom. To validate our estimates, then, we created a two-dimensional, axisymmetric FEM in ANSYS (12.1 v, ANSYS, Inc. Pittsburg, PA, USA). We used a quadrilateral mesh of 12 496 elements and with a maximum element dimension of 0.3 mm, and with 50 586 degrees of freedom, summarized in Table III . We solved the forward problem using as inputs the parameters of the experimental procedures (ω = 2πf , where f = 250, 500, 750, and 1000 Hz., a = 0.75 cm, b = 1.5 cm, height= 3 cm) and fitting results (see Section IV).
IV. RESULTS
We scanned at four frequencies, 250, 500, 750, and 1000 Hz. These are reasonable upper and lower limits because vibrations at frequencies less than 250 Hz would yield wavelengths longer than the diameter of the phantom, making it difficult to see the agreement between model and experiment. Going higher then The frequency, f , is in Hz.
1000 Hz would also obscure any agreement between theory and data because the attenuation of the mechanical waves would overcome the effect of geometric focusing in this geometry, i.e., we would have no discernible displacement save for at the radial periphery of the phantom. At each frequency, we fit the displacement to ten linear profiles taken from the displacement and, then, calculate the complex moduli from each profile. In Fig. 4 , we show plots of the mean ± one standard deviation of the real (left) and imaginary (right) components of μ 1 (top) and μ 2 (bottom). All the moduli are numerically summarized in Table IV .
We can see a frequency dependence wherein the complex shear moduli of both media increase as does the frequency of the applied vibrations, in keeping with previously reported trends of hydrocolloids of gelatin [31] and agarose-gelatin mixtures [26] . To illustrate the frequency dependence from our results, we compare the means of μ i from adjacent frequencies, e.g., Reμ 1 = 5108 ± 90 Pa at 250 Hz compared to Reμ 1 = 5560 ± 22 at 500 Hz, determining significance via the paired t-test [32] . In all cases, shear moduli significantly differed with frequency with p < 0.001.
The experimental (left) and simulated (right) wave images in the plane parallel to the z-axis and containing the origin for the scans at 250, 500, 750, and 1000 Hz are shown in Fig. 5(a) , (b), (c), and (d), respectively. We can see close agreement between theory and data in all four frequencies. A more profound understanding of how our FEM matches the data is realized when we plot their linear profiles together, shown in Fig. 6(a) , (b), (c), and (d) for frequencies, 250, 500, 750, and 1000 Hz, respectively. Finally, to validate our FEM, we plot it against our analytic solution, (8), in Fig. 7 . 
V. DISCUSSION
The connectedness of a mechanical system is central to its internal operation as well as its response to external stimuli. In the context of MR elastography, we are concerned with the behavior of biologic materials through which mechanical energy is propagating. Ultimately this is a medical device, to be used on an organismic scale, e.g., human beings; so, the biomaterials in question will be found in a very complex network of interacting systems connected on many levels, e.g., electrically, chemically, haemodynamically, and, of course, mechanically. The elastodynamic behavior of a material depends on its surroundings and biomaterials are no exception. It behoves us, then, to investigate not only the behavior of tissue-mimicking materials, but the behavior of said materials ensconced in a system-mimicking setting. To that end we have modeled, designed, built, and tested a multiply connected hydrogel phantom. We address the results in turn, considering their implications.
From the model fitting, we find that the complex shear moduli of the materials increase with the oscillatory frequency of the mechanical actuator. While, as noted in Section IV, this does generally follow reported trends of hydrogels, it is not clear how the specific composition of our gels informed the results. Obviously increasing the total colloid concentration increased the stiffness, but it is not clear what role the individual colloids had. Our mathematical model does not distinguish between the types of colloids or their chemical interactions or their molecular interconnectedness. Employing fractal models of polymers [33] might shed light here as could generalizing the calculus operations [34] , [35] .
In our forward modeling, we find close agreement between the theory and experiment. In the experimental images of Fig. 5(a) , (b), (c), and (d), there appears to be a distortion in the wave field at the axial extremes. It is most pronounced in the lowest frequency, becoming progressively less so as the frequency goes up. Given the location, we assume this is an edge effectwaves scattered from the top and bottom surfaces-and, thus, why we used an FEM for the forward problem. By inspection of Fig. 5(b) , (c), and (d), one can easily see that the wave fields are straight, up and down, in the vertical center of the phantom, both in the theory and experiment. This is because of the preferential attenuation of high-frequency waves in viscoelastic media. The waves scattered from the top and bottom surfaces are decreasingly detectible at the vertical center of the phantom as the excitation frequency goes up. We can see this even more apparently in the comparison of the line profiles of the FEM to those of the analytic solution, shown in Fig. 7 . The two profiles are in near perfect agreement at f = 1000 Hz, progressively falling out thereof as the f goes down. Moreover, this trend seems to be even more pronounced in the periphery of the phantom which supports the notion that it is due to the attenuation of edge effect waves. The periphery of the phantom is Medium 1 which has four times the gelatin concentration and just under twice the agarose concentration of Medium 2, making Medium 1 necessarily stiffer, thus, less dampening than Medium 2. In other words, the radial center of the phantom is too soft for even the 250-Hz edge effect waves to be detectible at the vertical center. All of this highlights the major flaw with our closed form analytic model, i.e., the assumption that the cylinders are infinite in length. Our FEM seems to capture the apparent edge effects but not perfectly, implying that there is more at work than yet described mathematically. One very real possibility is the existence of a third cylindrical layer. We tried to switch the two media, i.e., make the inner cylinder out of the stiffer medium 1 and vice versa, but the softer hydrocolloid would not stick at all to the resin shell. This is likely due to the reduced gelatin content, because the two media still stuck to each other. Perhaps also the interface between the two media is not as stark as our mathematical model assumes. We speculate that mixing or, at least, diffusion happens while the second hydrocolloid cools, transitioning from sol to gel. Immediately upon touching the first medium, the heat of the second will melt a thin layer of the first, forming an intermediate layer. Having a different colloid concentration from the layers on either side, this layer would have different mechanical properties from the other layers, ergo its own two wave fields and unknown coefficients as well as change the expressions for the waves of the original media. This speaks to the point of our study, that the increasing precision of imaging modalities demands more careful and precise tools of validation and verification. This study features novel mathematical modeling but also deigned to showcase our phantom construction techniques and the exceptional care required in such highly determined systems.
Finally, it is noticeable in the planar images and very clear in the linear profiles that, despite our best efforts in phantom construction, we have not achieved perfect axial symmetry at all frequencies. It is most apparent in the linear profile of 1000 Hz in Fig. 6(d) . Note, however, that the amplitude seems to be equal but opposite across the origin, i.e., it is very high on the left side and very low on the right side. It is possible that this is due to the experimental setup and not actually the phantom construction. We use the same protocol as that described in [20] . The asymmetric displacement is likely due to the horizontal positioning shown in Fig. 3 , of the phantom, causing unequal contact force between the gel and resin container. The gel on the side facing down would be under the weight of the entire phantom pushing it down as well as the cohesion of the gel to create a shear force, while the side facing up would have merely the cohesion of the gel.
VI. CONCLUSION
We applied MRE to our custom-designed multiply connected hydrogel phantom. We derived a closed form analytic solution of the displacement therein which we fit to the wave field data, thus estimating its mechanical properties which became the input parameters of our forward FEM. We showed that the edge effects can affect the wave field deep in axial center of the phantom if the vibrational frequency is low enough or the material is stiff enough that those waves are not attenuated. Such phenomena, therefore, must be considered when deriving analytic models of geometrically amenable objects. Analytic approaches generally can boast higher speed, precision, and stability than those numeric. We have used out analytic model to better understand both out experimental work and finite-element simulation. Indeed, both analytic and finite-element analysis can help us identify shortcomings of conventional reconstruction algorithms, e.g., LFE, which fail to account for boundary effects and mode conversion and whose results can be dramatically biased by filtering choices. Further modeling and experimental studies are needed to determine the optimal ranges of relevant parameters, e.g., length, material stiffness, excitation frequency, that confounding phenomena like edge effects are ameliorated.
APPENDIX A MATRIX ELEMENTS ε mn
After considerable algebraic simplification, the elements of (14) , ε mn , are given here as
APPENDIX B EXPANSION COEFFICIENTS A, B, AND C
The expansion coefficients A, B, and C are too cumbersome to write out completely. Instead, they are given here in parametric from, i.e., He has worked extensively with vibration through elastic and viscoelastic materials such as human and animal tissue. He uses different imaging techniques, including magnetic resonance elastography and scanning laser doppler vibrometry. He is currently studying the affects of wave motion across the fingertip for sensational perception.
